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Abstract 

We obtain the canonical and symmetrical Belinfante energy-momentum 
tensors of Dirac— Kahler's fields. It is shown that the traces of the 
energy-momentum tensors are not equal to zero. We find the canoni- 
cal and Belinfante dilatation currents which are not conserved, but a 
new conserved dilatation current is obtained. It is pointed out that 
the conformal symmetry is broken. The canonical quantization is per- 
formed and the propagator of the massless fields in the first-order 
formalism is found. 



1 Introduction 

The Dirac— Kahler (DK) fields [1], [2] are paid much attention to due to the 
development of quantum chromodynamics (QCD) on a lattice [3], [5], [6], 
[Z], |H], [9], [10]. Kahler postulated an equation in terms of inhomogeneous 
differential forms which is equivalent to a set of antisymmetric tensor fields 
[1], IH], [12]. In the matrix form the DK equation for massive fields can 
be represented as a direct sum of four Dirac equations. For massless fields, 
the DK equation comprises the additional projection operator and the DK 
equation is not a sum of Dirac equations. 

In this paper, we investigate the massless DK boson fields. We imply 
that masses of boson fields can appear due to the Higgs mechanism. The rel- 
ativistic wave equation describing massless DK fields is the Dirac-like 16x16 
matrix equation with the additional projection operator [TT], [T2]. The La- 
grangian for the DK massless boson fields possesses the internal symmetry 
group S0{3, 1) [12], and generators of this group do not commute with the 
generators of the Lorentz group. 

We study here the dilatation symmetry of the massless DK fields. The 
canonical, symmetrical Belinfante energy-momentum tensors, and the dilata- 
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tion current are obtained. The canonical quantization is performed for the 
massless DK fields in the first-order formalism. 

The paper is organized as follows. In Sec. 2, the massless DK field 
equation is formulated in the matrix form. The canonical and the symmet- 
rical Belinfante energy-momentum tensors are found in Sec. 3. We obtain 
the non-conserved canonical and Belinfante dilatation currents, and a new 
conserved dilatation current is found. In Sec. 4, we consider the canonical 
quantization of the DK massless fields and obtain the matrix propagator. We 
discuss results obtained and possible applications of the theory considered in 
Sec. 5. 

The Heaviside units are chosen and the Euclidean metric is used, and 
h = c = l. 



2 Dirac— Kahler equation for massless fields 

The massless DK fields obey the following tensor equations [11], |12] : 

du^^iu - d^Lp = 0, d^^^^ - d^if) = 0, (1) 

= (fi, df,^^ = ^, (2) 
^^lu = df,if^- d^ip^ - e^uapdalpip, (3) 
where the dual tensor is defined as 

'f'^iu = -^fiuapVaP (4) 

and e^yap is an antisymmetric tensor with £1234 = —i. We consider here 
the neutral fields when the fields [(pra^^o)^ {'^m,^o) are real values. 

The generalization for charged fields is straightforward: the fields become 
complex values. One may introduce the electric and magnetic sources in Eq. 
(1) [12]. Then, we have the Maxwell equations with electric and magnetic 
charges in the dual- symmetric form. The fields (p, (p play the role of the 
general gauge [13]. To have the Lorentz gauge, one can put tp = ip = 0. 

Equations (1) — (3) can be represented in the form of the Dirac-like equa- 
tion with 16x 16 dimensional Dirac matrices [11], [12]. It should be noted that 
the fields (p, ip, tpfj,, (pfj, have different dimensions. Thus, in order to formulate 
the first-order equations, one needs to introduce the dimensional parameter. 
We use the notations ipo = - f, V'a* = i^'^i^, ^[H = '^^lu, = ^^^'f>^,, ^0 = 
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i^nvajd (ei234 = 1), where the parameter k has the dimension of the 



masq^. With these notations, equations (1) — (3) may be rewritten as 

^M^M + = 0, d^^^ + KtjjQ = 0, 

d„^^, - df.ipy - Cf.yapda'ipp + kiIj^^,u] = 0, 
Introducing the 16-component wave function 



(5) 



(^) 

V ^0(2;) J 



(6) 



where A = 0,fi, [yuzy],/i,0; ip~ = ip^j,, -0^ = i/jq, (5) can be cast in the form of 
the first-order wave equation [TT], [T^ : 



(r,9, + kP) ^{x) = 0. 
The 16 X 16 matrices Ti, are given by 



(7) 



(8) 



Equation (7) describes the massless DK fields and it is not the direct sum 
of four Dirac equations because of the presence of the projection operator 
P. In the case of massive fields, the parameter k is replaced by the mass m, 
and the projection operator P is replaced by the unit 16x16 matrix. As a 
result the equation for massive DK fields represents the sum of four Dirac 
equations. But the Lorentz transformations for bosonic fields mix "fiavors" 
[11], [12]. Matrices /^^ and (3i°\ 13^^ obey the Petiau-Duffin-Kemmer 
algebra, and the are the 16 x 16 Dirac-like matrices: 



r r 



r r 



25 



(9) 



"'^In [11] . [12] ■ we have used instead of k the parameter m2; thus, k = m2. 
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We have explored here the matrices e^'^ with the properties: e^'^e'^'^ — 
£^'^Sbc, (s^'^) = Sacked and the indexes run A,B,C,D = 1,2, ...,16. 



'CD 

The matrix P is the projection matrix, — P, and is given by 

Now we consider the form-invariance of (7) under the Lorentz transfor- 
mations. Coordinate transformations read as follows: 

^'n — Lfj^vx'j^, (11) 

where the Lorentz matrix L = {L^^} has the properties: L/j^aLva — ^ixv 
The Lorentz transformations of coordinates (11) generate the wave function 
transformations 

^'(x') = T^(.t), (12) 
with the 16 x 16 matrix T. Then the first-order equation (7) becomes 

v,d' + kp) ^'{x') = (r^ + kP) r*(x) = o, (i3) 



where 5^ = L^ud^. Equation (7) is form-invariant under the Lorentz trans- 
formations if the equations 

T^TL^, = rr,, PT = TP (14) 

hold. The matrix T for the finite Lorentz transformations is given by 
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^ = exp ( -e^uJ^^u ] , (15) 



where J^i, are the generators of the Lorentz group transformations. One can 
verify that the matrix T with the generators for bosonic fields 

j^, = ^ (r^r, - r,r^ + r^r, - r,r^) , (i6) 

obeys (14). We have introduced the matrices F,^, which satisfy the Dirac 
algebra and are given by 

r. = (17) 

The matrices F,^ commute with F^: F^F^ = Fj^F^. At the infinitesimal 
Lorentz transformations (14) become 
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The generators (16) obey (18). 

The Lorentz-invariant is "if^ = '^'^rj'^ (^l/"*" is the Hermitian-conjugate 
wave function), where the Hermitian matrix, 77 is 

V = (19) 

From (8), (17), we obtain 

^ ^ — -I- s"^'"^ — e^''^ + — l^["in],[mn] _|_ ^0,0 _|_ ^4,4 _ ^m,m ^20) 

Taking into consideration that the fields ip, (p, ((/j^jV^q), {(pmi'^o) are real 
values, we find from (20) the "conjugated" function: 

■qf(x) = ^+(x)?7= (^-'ilJo{x),'ip^{x),-'ilj[^^]{x),'tpf,{x),-^o{x)) (21) 
which obeys the equation 

^(x) (r^V^ - kP) = 0. (22) 

It follows from (7), (22) that the electric current 

J^ix) = i^{x)T^^{x) (23) 

is conserved: d^J^{x) =0. In addition, one may verify with the help of 
(6), (8), (21), that for the real fields, it vanishes, J^(x) = 0, as the fields are 
neutral. 

Solutions to (7) with definite energy and momentum are given by 



^fHa:) = ^^u,{±k)exp{±^kx), (24) 

where V is the normalization volume, A;^ = — /cq = 0, and s is the spin 
index which corresponds to scalar, vector, pseudovector and pseudoscalar 
states and runs eight values: s = 0,n,n,0. The Us{±k) obeys the equation 
for the field function in momentum space: 

(±ik + kP) Us{±k) = 0, (25) 

where k = T^k^. One found in [TT], [12] the minimal equation for the matrix 
of (25) S± = ±ik + nP: 

B±{B±-k)=0, (26) 
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so that the projection operator {a± = a^) extracting solutions to (25) is 
given by 

n — B± — ik , „, 

a± = i = P^-, 27 

K K 

and P is the projection operator: 

P = l-P = £^'^ + e'^''', (28) 

and PP = PP = 0. Every column of the matrix a is the solution to (25). 
One can find the projection matrix-dyads, extracting solutions with different 
spins and spin projections in [TT], [12]. From (23), (25), and the condition 
J^(x) = for the neutral fields, one obtains 

Usi±k)kusi±k) = 0, Usi±k)Pu,{±k) = 0. (29) 

Equation (27) will be used in the second quantization theory for obtaining 
the propagator of DK fields. 



3 The energy- momentum tensor 

The Lagrangian of massless DK fields in the first-order formalism can be 
written as 

C = -^^(x) {T^d, + kP) ^{x) + ^¥(x) (r^^ - kP) ^{x). (30) 

Equations (7), (22) follow from Lagrangian (30) by varying the corresponding 
action on the wave functions ^'(x), \l/(x). For the neutral DK fields, the 
Lagrangian (30) reduces to 

C = -^{x){T^d^ + KP)^{x). (31) 

With the help of (6), (8), (21), Lagrangian (31) becomes 

^ ^ ^ ^ / 1 .X (32) 

where ^ 
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is antisymmetric tensor (61234 = !)• It should be noted that '^^[^u] is 
not a dual tensor because e^yap = 'i^fiua/s, and the dual tensor is defined by 
Eq.(4). One can verify that the Euler— Lagrange equations 

dC ^ dC , 

df, ^.^ , , = (34) 



dip A d{d^ip, 

with C given by (32), where A = 0, /i, [/iz/], /i, 0, lead to (5). For fields obeying 
the equations of motion (5) (or (7) and (22)) the Lagrangians (30), (31) and 
(32) vanish similarly to the Dirac Lagrangian. 

The canonical energy-momentum tensor in the first-order formalism is 
given by 

dC 

d{diM.x))' 

and using Eq.(31) it becomes 



= i^ri^i^d,'^^^) - '^M^^, (35) 



= (dy^ix)) T.^ix). (36) 



We took into consideration here that for fields obeying equations of motion 
£ = 0. One obtains from (6), (8), (21), and (36) the expression in the tensor 
form: 

T^^ = i^oduipf, - ipf^dui>o - ippduipipf,] + i{j[p^,]duipp + *'>p[p^,\^u'ipp 

.... (37) 

It follows from the field equations that the energy-momentum tensor (37) 
(and (36)) is conserved tensor, dpT^^^ = 0. Contrary to classical electrody- 
namics [H] the energy-momentum tensor (37) is not the symmetric tensor, 

pu I up' 

Now, we investigate the dilatation symmetry [15]. The canonical dilata- 
tion current in the first-order formalism is given by 

D^ = x.T;, + n^vl/, (38) 

where 



We note that for the bosonic fields, the matrix d in [15] defining the field 
dimension, is the unit matrix. As the electric current Jp = i\l/r^\l/, for 
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neutral fields equals 0, the last term in Eq.(38) vanishes. As a result, we 
obtain non-zero divergence of the canonical dilatation current 



d,Di = t;^ = -K (^o'(^) + li^Ui^) + ^o(^)) • (40) 

The dilatation current is not conserved current. The similar expression 
was found in the first-order formulation of generalized electrodynamics with 
an additional scalar field [16]. Later, we will obtain new conserved current. 
Expression (40) also can be obtained from the relationship [15] 



dC — 
d^D^ = 2Ii^d^^ + — ^ - 4£ = K^{x)P^{x) 

= -K [ijlix) + -^l,^{x) + ^IjI{x)J . 
It should be noted that for the plane- wave solution (24), we find from Eq.(5) 

|^i^[^lu]{k) = k^i!^{k) - K%l)^{k) + e^^a/^kai^pik), (42) 

and 

^^[hW = -V'o(^)-V^oW- (43) 



As a result, the right sides of (40), (41) vanish and the dilatation current 
is conserved, = 0. But, in the general configuration of fields, the 



dilatation current Df, is not conserved. 

Now, we find the symmetrical energy-momentum tensor. The general 
expression for the symmetrical Belinfante energy-momentum tensor is given 
by (see [15]): 

T^, = T^,, + dpXp,^, (44) 

and 

= - [n^ Jm-^ - n^<//3.^ - j^^^] . (45) 

The tensor (45) is antisymmetrical in indexes /3, /i, and therefore d^dpXp^^ = 
0. As a result, df,T^^ = d^T;^^ = 0. After some calculations, we obtain from 
(16) the expression for generators of the Lorentz group 
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Replacing expression (46) in Eq.(45), and taking into account (39), after 
calculations, we obtain 

^ . (47) 

From (37), (44), (47), we obtain the Belinfante energy- momentum tensor 

(48) 

+do, 2V'vV^[Ma] + ^i/*V'M + e/3a^A]^/3^[Ai.] + V (V^oV^a + ^oV^a " ^A^[Aa]) • 

Expression (48) with the help of equations of motion (5) can be represented 
in the symmetrical form 

= -2ipf,dui>o - 2ip^d^ipQ - 2%i)^dy%i}Q - 2ti)ud^i)Q + k(^2F^„F„j, + G^aGau 

J49)^ 



where we use the notation 

kF^^ = d^i)^ - d^tpf,, kG^^ = d^ij^ - d^^^. (50) 

It is easy to find, with the help of field equations (5) , the trace of the Belin- 
fante energy-momentum tensor (49): 



49^ (V^o^M + V'o^m) • (51) 
The modified dilatation current is given by [T5] 

= x.T^a + V„ (52) 



where the field-virial is defined as 



(53) 



It is easy to verify that X^^^ = — V^- As a result, the divergence of the 
Behnfante dilatation current becomes 

a^Df = T;^^ + d,V, = d,D; = T;^. (54) 

The divergences of the Belinfante and canonical dilatation currents are the 
same. Thus, the currents D^, are not conserved, but because the trace 
of the Belinfante energy-momentum tensor (51) is a total divergence, we can 
introduce a new conserved currenin: 



= - 4 (^oV^M + ^oV^m) , (55) 

so that d^D^ = 0. Thus, massless DK fields possess the dilatation symme- 
try with new dilatation current (55). The similar conserved current can be 
introduced also for generalized electrodynamics [IH], [IZ]. It should be noted 
that the conformal invariance is broken because the field-virial is not a 
total derivative of some local quantity [15]. 

4 Canonical quantization 

To perform the canonical quantization, we define the momenta in the matrix 
form from Eq.(31): 

Then, using the quantum commutator 

[^M(x,t),7r7v(y,t)] = i(5A/Ar(5(x- y), 

we obtain from (56) the commutation relation 

^vI/M(x,t),(^(y,t)r4)J =5M^5(x-y). (57) 

Equation (57), with the help of (6), (8), (21), leads to simultaneous field com- 
mutators for the components ipAix): 

[^o(x, t), ^piiy, t)] = (5(x - y), [v^o(x, t),^p^{y, t)] = (5(x - y), 

(58) 



am grateful to Yu Nakayama for his remarks. 
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where emnk is antisymmetric tensor (ei23 = 1). 

The operators for the neutral field, in the second quantized theory, can 
be written as follows: 



k,s 



(-)l 



X 



k,s 



(59) 



where the positive and negative parts of the wave function are given by 
(24). The creation and annihilation operators of particles, a^^, a^^s, obey the 
commutation relations [H], [T2]: 



(60) 



[(^k,s,0.k',s'] — ^s^ss'^kk', [Ofc,s, Ofc'.s'] — [0'k,s-> ^k' ,s'] — 



where = 1 at s = d,m, and = — 1 at s = 0,rh. There is no summation 
in the index s in (60). The operators a^^s, a^^ at s = 0,m, corresponding 
to scalar and pseudovector states, satisfy the commutation relation with the 
"wrong" sign (— ) and one should introduce the indefinite metric [12]. The 
energy density follows from (36), and is 



S = -T44 = 7r{x)do'^{x) - £ = i'^{x)Tido'^{x). 



(61) 



With the help of (59)-(61), and the normalization conditions, we obtain the 
Hamiltonian 



k,s 



(62) 



After the introduction of the indefinite metric the eigenvalues of the Hamil- 
tonian (62) are positive values but the classical Hamiltonian is not positive- 
definite. As a result, scalar and pseudovector states are ghost states [T2] . 
From (59), (60), one finds commutation relations for different times: 



[^m{x),^n{x')] = [^m{x),^n{x')] = 0, 

[^'Af(a;),^Ar(x')] = Smn{x,x'), 
Smn{x, x) = S^^^{x, X ) — S^,jj^{x, X ), 



(63) 

(64) 
(65) 



11 



StiN{x,x') = (v&^H^)),, (^^^(^'))^ , (66) 



SMNix,x') = {^Vix))^^ r^^^^^'O^v- ^^^^ 
From (24), (64)- (67), we obtain: 

SMNix,x') = J2-^es{us{±k))j^,j{us{±k))^exp[±ik{x-x')]. (68) 

From (27), and taking into consideration that the sum of all spin projection 
operators is unity (see [12]), one finds 

J2esM±k)),,{u,{±k))j, = (KPT^k)^^,^^. (69) 



With the help of (69), we obtain from (68): 

1 

2k^ 



Smn{x,x) = Y,i^^{f^PTik)^^^^ew[±ik{x-x')] 



(70) 



d 



"M/ MN 

where we exploit the singular functions [18] 

D+{,x) = Y,iJ-r7^w{.ikx), D_(a;) = ^ — ^ exp(-iA;x). (71) 



Introducing the function 

D^{x) = i{D+{x)-D_{x)), (72) 
from (65)-(67),(70), we arrive at 

Smn{x, x') = -I [kP - r^T^ ) Do{x - x'). (73) 

One can prove, with the help of (8), (10), (28), that the relations F^P = 
PF^, PP = are valid. Thus, we find the equation 



(F^a^ + kP) [kP - T^d,,} = -dl (74) 
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With the aid of the singular function properties [IB], one can verify the 
relation 

^T,^ + kP^S^{x,x') = 0. (75) 

The propagator (the vacuum expectation of the chronological pairing of op- 
erators) is defined by the equation 



(r^Af(x)^iv(2/))o = Slj^ix - y) 



(76) 



= 0{xo- yo) Stmi^ -y) + 0{yo- xq) Sjy.j,^{x - y), 
where the theta-function is 9{x). Using the function Dc{x — y) [T8] : 

D,{x -y) = e{xo- yo) D+{x - y) + 9 {yo - xo) D^x - y), (77) 

we obtain the propagator 

{T^M{x)'^N{y))o = i^^P - r^T^) D,{x - y). (78) 

Taking into account the equation [TS] 

dlD,{x)=i5{x), 

we arrive at 

(r^^ + kP^ {T^{x) ■ ^{y))o = -t6{x - y). (79) 

The propagator (79) corresponds to Dirac— Kahler's massless fields including 
scalar, vector, pseudovector and pseudoscalar fields. 



5 Discussion 

We have considered the first-order formulation of the theory of Dirac— Kahler 
massless fields. The form-invariance of the first-order relativistic wave equa- 
tion was proven. This is a new type of formulation of Dirac— Kahler anti- 
symmetric tensor fields. This allows us to obtain in the simple manner the 
canonical and symmetrical Belinfante energy-momentum tensors. The traces 
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of the energy-momentum tensors do not equal zero and the divergences of 
the canonical and Belinfante dilatation currents do not vanish. Nevertheless, 
we obtain a new conserved dilatation current but the conformal invariance 
is broken. The canonical quantization requires the introduction of indefinite 
metrics. This is connected with the presence of ghosts (the pseudovector and 
scalar states). The propagator of the massless fields in the matrix form has 
been found and can be used for some calculations in the quantum theory. 

If we impose the conditions i/jq^x) = 0, ipoi^) = 0, we arrive at the two- 
potential formulation of electrodynamics which is convenient for considering 
magnetic monopoles [T2] . 

Let us discuss the possible important application of the theory considered 
with the nonperturbative QCD on a lattice. First, the Dirac— Kahler formu- 
lation of fermions on the lattice is an interesting problem |T9] . We notice that 
all tensor fields considered are described by the 16-component wave function, 
i.e. they form the same multiplet. To have a connection with flavor degrees, 
one needs to make the transformation of the matrices and the wave function: 

r; = ST^S'' = 1^1,, ^'(x) = s^{x) = m (z = 1, 2, 3, 4), 

where / represents the 4x4 unit matrix, and 7^ are the Dirac matrices. 
In this case the matrices represent the direct sum of four Dirac matri- 
ces. Then, we formally can express four Dirac spinors ifji (flavor degrees) 
through tensor fields. It should be noted, however, that transformations of 
tensor fields and Dirac spinors under the Lorentz group are different pT] , 
[12j . We also mention that the Dirac— Kahler formulation on a lattice and 
the staggered fermion formulation (which is widely used for lattice QCD) are 
equivalent [2U]. There is another possible application of Dirac— Kahler for- 
mulation considered. It has been pointed out that the Dirac— Kahler fermion 
formalism is essentially equivalent to the twisting of topological field theory 
generating SUSY [21]. The Dirac— Kahler formulation has also a fundamental 
connection with the regularization of fermions, and is related to the twisting 
of supersymmetry and leads to the corresponding lattice SUSY formulation. 
Applicability of the current formulation of Dirac— Kahler fields to the above 
mentioned investigations will be the subject of further work. 
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